We estimate | Arg{p(z)}| for functions of the form p(z) = 1 + a 1 z + a 2 z 2 + a 3 z 3 + · · · in the unit disc D = {z : |z| < 1} under several assumptions. By using Nunokawa's lemma, we improve a few of Mocanu's results obtained by differential subordinations. Some applications for strongly starlikeness and convexity are formulated. MSC: Primary 30C45; secondary 30C80
Introduction
Let H be the class of functions analytic in the unit disk D = {z ∈ C : |z| < }, and denote by A the class of analytic functions in D and usually normalized, i.e., A = {f ∈ H : f () = , f () = }.
Let SS * (β) denote the class of strongly starlike functions of order β,  < β ≤ ,
which was introduced in [] and [] . We say that f ∈ A is in the class SC * (β) of strongly convex functions of order β when zf (z) ∈ SS * (β). We say that f ∈ H is subordinate to g ∈ H in the unit disc D, written f ≺ g if and only if there exists an analytic function w ∈ H such that w() = , |w(z)| <  and f (z) = g[w(z)] for z ∈ D ⊆ g (D) . In particular, if g is univalent in D then the subordination principle says that f ≺ g if and only if f () = g () and f (|z| < r) ⊆ g(|z| < r) for all r ∈ (, ).
Main result
In this section, we investigate conditions, under which a function f ∈ A is strongly starlike or strongly convex. We also estimate | Arg{p(z)}| for functions of the form Theorem . Let f (z) = z + ∞ n= a n z n be analytic in the unit disc D. If
or f is starlike in D.
Proof By (.), we have 
A simple geometric observation yields to
Therefore, applying the same idea as [, pp.
we have
The function
is increasing because h (r) = sin - {r/( + r  )} > . Now, letting r →  -, we obtain
Using this and (.), we obtain
It completes the proof.
Theorem . Let p(z) =  +
∞ n= a n z n be analytic in the unit disc D. If
Proof By (.), we have
Therefore, by using (.), we have
It leads to the desired conclusion.
Remark . Theorem . is an improvement of Mocanu's result in [] , where instead of
in Theorem . leads to the following corollary. 
Corollary . If f ∈ A and it satisfies
This means that f is strongly starlike of order  -(log )/π = . . . . .
Substituting p(z) =  + zf (z)/f (z), f ∈ A, in Theorem . gives the following corollary.
Corollary . If f ∈ A and it satisfies
This means that f is strongly convex of order  -(log )/π = . . . . .
Theorem . Let f (z) = z +
∞ n= a n z n be analytic in the unit disc D, and suppose that
Then we have
where r = |z| < , and, therefore, we have
where . < r  < . is the positive root of the equation
Proof From (.), we have f (z) ≺  + z, so the subordination principle gives
and for z = re iθ ,
Therefore, and from (.), we have
The function 
and
Therefore, using (.) and (.), we have
For α ∈ (, / √ ], we have α  + (α/)  ≤ , so we can use the formula
Theorem . Let p(z) =  +
∞ n= c n z n be analytic in the unit disc D, and suppose that
where α < ,  < β < , and
Proof Suppose that there exists a point z  ∈ D such that
then by Nunokawa's lemma [], we have
For the case Arg{p(z  )} = πβ  , we have from (.),
This contradicts (.), and for the case Arg{p(z  )} = - This contradicts also (.), and, therefore, it completes the proof. 
